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• use curriculum expectations and mathematical processes (i.e., grades 6 to 10) to 

anticipate a range of solutions to a problem, to understand and describe the 

mathematics in student solutions, and to judge the appropriateness of problems 

for teaching/learning

• develop a knowledge package or landscape of clustered curriculum expectations

• use the three-part problem solving lesson design to frame the use of problems for 

teaching mathematics

• develop strategies and mathematics knowledge for anticipating student 

responses and understanding students’ mathematical thinking

• experience strategies for developing students’ mathematical communication 

through the discourse of a math-talk learning community, teacher recording 

strategies (blackboard writing – mathematical annotations), and coordination and 

recording of discussion (bansho) 

• vary the structure of the problem for students to practise new learning and to 

provoke use of some strategies and not others, moving towards strategies that 

can generalize

Overall Learning Goals
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Setting the Context 
- What Do You Notice?

1. What do you notice 

about Ma and Pa 

Kettel’s mathematics 

knowledge, skills, and 

strategies?

2. How do you think they 

learned mathematics? Ma-Pa-Kettel-Math.wmv

Give and Get ... Business Cards ... Active Listening

file:///C:/Users/KKZ/Desktop/WORK in PROGRESS/Projects in Process/Math GAINS Summer Camp/KKZ Teaching Through Problem Solving/Math for Teaching/Ma-Pa-Kettel-Math.wmv
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Setting the Context 
- What Do You Think?

3. What does effective 
mathematics teaching 
and learning look, sound, 
and feel like?

4. What are some 
challenges in teaching 
and learning 
mathematics effectively 
for adolescent students?

Round Robin
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Setting the Context 
- Why?  Why?  Why? 

• Why study mathematics from grades 6 to 10?

• Why study number sense and algebra?

• Why study teaching mathematics through problem 

solving?
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Setting The Context
- Suurtamm and Graves, CIIM 2007
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Setting The Context
- Suurtamm and Graves, CIIM 2007
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Setting The Context
- Ontario Curriculum, 2005 
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• Expert personal knowledge of mathematics is ironically 

inadequate for teaching elementary students mathematics.

• Effective teachers must be able to work backward from their 

own mature and compressed mathematics content knowledge 

and unpack its core elements.

• Effective teachers enable  students to access new 

mathematical ideas accessible to students through their own 

thinking and construction.

• Effective teachers work with the mathematics that students 

present, often in an unfinished, yet growing state.   

Learning Mathematics for Teaching       
(Ball, 2005)
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What Does Knowing                      
Mathematics for Teaching  … Ball (2005)

www.curriculum.org

Deborah Ball PartA.wmv

file:///C:/Users/KKZ/Desktop/WORK in PROGRESS/Projects in Process/Math GAINS Summer Camp/KKZ Teaching Through Problem Solving/Math for Teaching/Deborah Ball PartA.wmv
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What Different Solutions are Possible for 
the Product 1225
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Knowledge of Mathematics for Teaching 
Anticipating a Range of Solutions

Friendly Numbers

25 x 4 = 100

100 x 49 = 4900

4900 ÷ 4 =>4000÷4 =1000

800 ÷ 4 = 200; 100 ÷4= 25

1000 + 200 + 25 = 1225

Decompose - Partial Products
49 x 25    =>  40 x 20 =  800

=>    9 x 20 =  180

=>  40 x   5 =  200

=>    9 x   5 =  45

1225

Using Coins - Quarters

4 x 25¢ = 100¢

10 x 100¢ = 1000¢

9 x 25¢ = 8 x 25¢ + 1 x 25¢

= ((4 x 25¢) x 2)+25¢ = 225¢

1000¢ + 225¢ = 1225¢

So, 40 x 25¢= 1000¢ 
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What Does Knowing                      
Mathematics for Teaching  … Ball (2005)

www.curriculum.org

Deborah Ball PartA.wmv

file:///C:/Users/KKZ/Desktop/WORK in PROGRESS/Projects in Process/Math GAINS Summer Camp/KKZ Teaching Through Problem Solving/Math for Teaching/Deborah Ball PartB.wmv
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Knowledge of Mathematics for Teaching 
Analyzing Student Errors to Understand Math Thinking

Group 1 Group 2 Group 3

Turn and Talk
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Three-Part Problem Solving Lesson
Before ... During ... After

• Before (Activation)

• During 

• After

Learning Goal:

Multiply 2 digit by

2 digit numbers using

different strategies
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What Does It Look Like?
Whole Numbers … 49 x 25 = ?

10

+

10

+

5

40 +     9

+

5      200        45

20 800       180

10 +  10 +  10 +  10 +  9

800 + 180 + 200 + 45

= 1100 + 120 + 5 = 1225

100       100        100      100      90

100       100        100      100      90

50          50           50        50       45



Teaching Through Problem Solving Session 1

KKZ, 2008

What Does It Look Like?
Decimals … 4.9 x 2.5 = ?

4     +     0.9

+

1   +   1   +   1  +   1  +  0.9

1

+

1

+ 

0.5

2 

0.5

8 + 1.8 + 2.0 + .45  

= 11 + 1.2 + .05 =  12.25 

8               1.8

2              .45

1           1          1            1          0.9

1           1           1           1         0.9

.5           .5          .5          .5        .45
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What Does It Look Like?
Fractions … 4-9/10 x 2-5/10 = ?

4     +   9/10

+

1   +  1   +   1  +  1  +  9/10

1

+ 

1

+ 

5/10

2

5/10

1          1              1            1         9/10

1           1             1             1         9/10

5/10     5/10       5/10        5/10  45/100

8 + 9/10 + 9/10 + 4(5/10) + 45/100

= 8 + 18/10 + 20/10 + 45/100

= 8 + 3 + 8/10 + 45/100 = 12 + 25/100

8          18/10

20/10      45/100
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x +   x   +   x   +   x   + 9 4x +     9

+

5      20x 45

2x 8x2 18x

8x2 + 38x + 45 

What Does It Look Like?
Algebraic (4x + 9) (2x + 5) = ?

x

+

x

+

5

X2            X2                 X2 X2 9x

X2 X2 X2 X2 9x

5x          5x           5x        5x 45
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What is Multiplication?  (Davis & Simmt, 2005)

• repeated addition

• grouping process

• sequential folds

• many-layered 

• ratios and rates

• grid-generating/array

• dimension-changing

• number-line-stretching or -
compressing

• rotating: multiplication by –1               
rotates the number line by 180˚

3 x 2 = 6

3 x t = 3t
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Ball, 2006

Shulman (1985) and Ball and Bass (2006)
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Knowledge of Mathematics for Teaching
What Does a Teacher Need to Know and Be Able to Do?
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Work of Mathematics Teaching

• Sequencing of math content and curriculum materials

• Generating and using strategic examples and multiple 
representations

• Talking mathematics and having students talk

• Understanding and analyzing multiple solutions

• Evaluating the mathematical significance of students’ comments 
and coordinating discussion for learning

• Building correspondence between mathematical ideas, models, 
and symbols



Teaching Through Problem Solving Session 1

KKZ, 2008
25

Work of Mathematics Learning               
... National Research Council (2001)

Adaptive Reasoning and Mathematical Communication –
thinking deductively and inductively, valuing ambiguity, 
adapting thought, analyzing, judging, reflecting, explaining, 
and justifying through multiple representations

Conceptual Understanding - Knowing about number, 
operations, and relationships among mathematical ideas 
across the 5 strands 

Positive and Productive Disposition - Seeing oneself as being 
able to do and learn mathematics successfully; viewing 
mathematics as sensible, useful, and worthwhile

Procedural Fluency - Carrying out procedures flexibly, 
accurately, efficiently, and appropriately

Strategic Competence - Unpacking the problem, asking 
questions, making connections, formulating solutions, 
posing problems, and solving mathematical problems
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What are Some Ways to Learn  
Mathematics for Teaching?  (Ball, 2005)

• Figure out why procedures work, not just how 

to do them

• Try to solve problems in more than one way

• Listen to and probe others’ thinking, especially 

when struggling

• Study students’ thinking and work

• Talk in class; practise speaking mathematics

• Other ideas?
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What Strategies Did We Use?
- Math-Talk Learning Community

• Give and Get

• Active Listening

• Round Robin

• Turn and Talk


